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The complex variable method is applied to the analysis of a traditional constant-
depth reinforcing ring as used on a pressurized single discontinuous bend (Fig. 1). 
It is shown that there is a "cross-over" point where complex variable theory and 
bending strain energy theory take over one from the other. This condition occurs 
when ring depth divided by the cylinders' mean radius is approximately equal to 
0.3. This criterion is of special interest since it falls within the range of factors used 
in industrial designs, i.e., the Mackenzie and Beattie bend [1] has a ratio of 0.29. 
Limitations of the complex variable theory are investigated with a detailed 
theoretical and experimental study of an internally pressurized prismatic elliptic 
cylinder having a circular bore (Fig. 2). Three bore sizes are investigated to gain 
knowledge of the convergent/divergent characteristics of the theory. For the largest 
bore size, numerical results show a definite divergence. 
1 Introduction 
When a structural design incorporates reinforcing rings 
which are subjected to nonuniform loading systems, or which 
are simply noncircular, the performance of the structure can 
be improved by the use of rings of nonuniform depth. This 
has for example been demonstrated for externally pressurized 
ring-reinforced oval cylinders [2] where a theoretical 
reduction in maximum flange stress of 21 percent was ob-
tained. A bending strain energy approach was employed and 
this type of method has been used widely for the analysis of 
both rings and unstiffened cylinders [3, 4]. Simple bending 
strain energy theory is, however, limited to relatively thin 
rings and analyses of nonuniform rings are usually limited to 
cases where the variation in depth is slow [5]. One alternative 
is to use the finite element method. Suitable ring profiles 
might be found by use of the shape optimization techniques of 
Zienkiewicz and others [6, 7]. For a ring with geometry such 
that it can be regarded as a plane elastic system, complex 
variable techniques based on the work of Muskhelishvili [8] 
have much appeal. A method which can be cast in this form is 
the least-squares boundary point (LSBP) method [9] and this 
has been used by one of the authors to determine the 
theoretical reinforcing ring optimum outer profile for a 
pressurized single discontinuous bend [10]. 
In this paper consideration is given to some of the 
limitations of the complex variable approach and by way of 
example the paper examines the conditions under which the 
method could be applied to the analysis of reinforced miter 
bends and under what conditions it might be better to con-
tinue to employ the bending strain energy theory. 
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1.1 The Problem of Singularities. Complex variable 
solutions for certain simply connected geometries can be 
relatively straightforward. Rings and other multiply-
connected regions, however, invariably present greater dif-
ficulty. A number of multiply-connected problems have been 
dealt with by Sherman [11, 12] who, in particular, applied the 
integral equation approach in this area. More recently, 
Buchwald and Davies [13] used analytic continuation to 
obtain solutions for the annulus and for an elliptic plate with 
a circular hole. In order to obtain a practical solution with 
these methods it is usually necessary to expand one or more 
unknown complex functions in series form. Solution of the 
problem then becomes a matter of finding the unknown 
coefficients. A serious difficulty then becomes apparent. 
Since, in general, the functions concerned" will have 
singularities the nature of the solution must be known in 
advance before an appropriate series can be defined. The 
problem is discussed extensively by Hooke [14] who adopts an 
approach which requires identification of the singularities so 
that appropriate terms can be included in the solution. It is 
worth noting that singularities can occur with simply as well 
as multiply-connected domains, for example, in the case of an 
edge-notched plate. 
In [13] a solution is presented for the case of an elliptic plate 
containing a circular hole of unit radius. The outer elliptic 
edge is stress free and the inner circular boundary is loaded by 
a uniform pressure. The "complex potential" in terms of 
which the problem is solved is formally expanded in a Laurent 
series. A necessary and sufficient condition that this can be 
done is that the function has no singularities in the annulus 
enveloping the region occupied by the plate itself and the 
inverse of this region in the circle. A form of the Schwarz 
alternating method is used to find the positions of the 
singularities nearest the origin (the center of the circle) and it 
is subsequently shown that all the singularities can be found 
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given in [13]. It can be seen that, except for the number of
terms taken, this is identical to expression (2). The function
!/;(z) = ax/az can be expressed directly in terms of ep(z) as a
2.2 Analytic Continuation. Details of the method used
by Buchwald and Davies are not repeated here. The problem
reduces, however, to finding the coefficients C2n +! in the
expansion
where the series have been truncated after N terms. Ex-
'pressions for the normal and tangential shear stresses at the
boundary may then be derived and the coefficients found in
the usual way. The least squares boundary point method is
described in a number of texts, for example in Crandall [16].





ep(z) == E C2n+1Z2n+1
n=-N
N
x(z) ==aologz+ E (anz2n +bnz- 2n )
n=1
2.1 LSBP Method. The Airy stress function cI> is given in
terms of "complex potentials" ep(z) and x(z) by
cI>=Re[zep(z) +x(z)] (1)
Chen and Chiang in fact use the real series expansion for cI>
first given by Michell [15]. It is easy to show, however, that
this is equivalent to expanding the analytic parts of cf>(z) and
x(z) in Laurent series. For a doubly-connected region with
four-fold symmetry the series expansions take the form
N
cf>(z) ==boz+ E (cnz2n + l +dnz- 2n + l )
n=1
In the LSBP method error terms are defined as differences
between calculated and prescribed boundary stresses. The
unknown coefficients in the series are then determined by
demanding that the sum of the squares of the errors, taken
over the whole problem boundary, must be a minimum. The
Buchwald and Davies procedure applies to doubly-connected
regions where one boundary is, or can be mapped on to, a
circle. The method of analytic continuation is used to satisfy
the boundary conditions on the circle exactly and then the
remaining boundary can, if necessary, be dealt with by an
approximate method such as collocation.
and that these tend to limit points. After some manipulation
an expression is then given from which limiting values of two
parameters describing the geometry can be deduced, beyond
which convergence will not take place. A maximum allowable
eccentricity exists corresponding to zero hole radius. For
small eccentricities there are corresponding maximum hold
sizes. For a circular outer boundary the hole can of course be
of any size.
If a method of this' type is to be used for practical ap-
plications it is important to understand the limitations which
the occurrence of singularities imposes on the solution. With
this object in mind experiments were conducted in which three
different circular hole sizes were used for a fixed outer elliptic
profile. The hole sizes were specifically chos,en to be less than,
approximately equal to, and greater than, the limit for
convergence.
Fig. 1 Single reinforced discontinuous bend
2 Theory
Buchwald and Davies do not present a complete set of
tabulated results suitable for comparison with the experiment
to be described. Since the LSBP method had already been
programmed for the reinforced bend analysis, it was decided
that this method would be used for .comparison. Both
methods can be shown to give identical results and this is to be
expected since the two techniques are merely different ways of
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Flg.2 Elliptic cylinder
The geometry of the plate is defined by two parameters E =
b/a and k = lib. For each value of E the limiting value of k is
given as the solution of a quadratic equation in k 2 • A plot
showing permissible values of'k and E is given in [13].
consequence of the method; it is therefore unnecessary to
introduce a series expansion for x(z). Buchwald and Davies
present their results in terms of constants A 2n + 1 given by
A 2n +1=(a2n +1-a-2n-I)C2n+1 (5)
Tabulated results are therefore presented here in the same
way. Tangential direct stress at a point (r,8) on the ellipse is
given by
3 Experiment and Results
A long doubly-connected prismatic member (Fig. 2) rather
than a plate was used for convenience of loading and strain
gage installation. The member's cross-section is shown in Fig.
3. The value of E was set at 0.75 and the corresponding cir-
cular hole bored along the axis of the member. This operation
was conducted for k = 0.75, 0.875, and 0.925. Araldite
CT200/HT901 was chosen as the model material, the
proportions by weight for resin and hardener being 10 to 3.
The results of four-point-Ioading bending tests on an Araldite
beam at a temperature of 20·C gave Young's modulus of
elasticity as 3.8 GPa and Poisson's ratio as 0.375. Strains
were measured using Micro-Measurements EA-41-125AD-
l20S electrical resistance foil strain gages in conjunction with
a Bruel and Kjaer type 1516 strain bridge. Strain gages were
installed on the elliptic outer surface of the cylinder along a
line equidistant from the two ends. The gages were set in
tangential and axial directions, at intervals of 15 deg of arc, to
cover one quadrant. Note that these points were measured
using eccentric angles whereas 8 in expressions (6) and (7) is
the polar angle.
Maximum pressure applied at the inner boundary of the
member was 75 kPa increasing in increments of 15 kPA to
check on linearity. Each test was carried out five times to
ensure repeatability. In Fig. 4 experimental results are
compared with stresses predicted by the LSBP method, the
experimental stresses being given by
(8)
_ at E (Et Eo)at =- =-- - +/1-
Pi I-I} Pi Pi
The theoretical stresses for E = k = 0.75 are identical to
those obtained in [13]. Although the series (2) and (3) are only
summed to nine terms, whereas Buchwald and Davies take N
= 12, calculated values of the A 2n + 1 are also virtually
identical. Good agreement with the experiment is in fact
found for all three values of k. This possibility was foreseen
by Buchwald and Davies who state that even when the series
(4) is divergent, an approximate solution may be found by
taking a judicious finite number of terms. Table 1 shows
values of the A 2n + 1 for the three values of k:It can be seen
that for k = 0.875 convergence is slow and that for k = 0.925
the coefficients definitely diverge for negative n.
GQU~
-position
4 Application to the Miter Bend Reinforcing Ring
A reinforcing ring, such as that used for a miter bend (Fig.
1) can be regarded as a plate, provided that its depth is suf-
ficiently large compared with its thickness. It is evident
however that, if a solution is to be used which is based on a
series with a singularity only at the origin, bounds on the
geometry of the ring must be established for which the
solution is valid. This is not done rigorously here. However, it
seems reasonable to assume that the LSBP approach might be
applicable to deep rings but may break down if the ring depth
is reduced below some critical value. On the other hand, a
bending strain energy analysis might be expected to be most
appropriate for shallow rings. It then follows that some
"cross-over" region might be expected to exist defining two
ranges of depths over which each method would be most
appropriate.










at=4 E (2n+l)r2nC2n+1COS 2n 8
n=-N
and on the circle, it is given by
N-I
at=Pi +4 E (2n+I)Czn+1cos 2n 8
n=-N
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Least squares 
Experiment 
E = 0.75 
k = 0.75 
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Tablel Calculated values of A2 
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Fig. 4 Tangential stresses on elliptic outer surface 
pressurized single reinforced right-angled bends for a range of 
constant-depth rings. Results using the LSBP method for ring 
analysis are compared with results obtained using a bending 
strain energy approach. Except for the ring depths these bends 
correspond to steel bends analyzed previously [17]. In par-
ticular the diameter/thickness ratio 2a0/h of the pipe is 41 
and the reinforcing ring thickness is 3.75ft. The bending 























































































Analysis of the limbs of the bend is by an asymptotic ex-
pansion approach first described by Johnson and Reissner 
[19]. This requires as "input" the radial displacement of the 
inner boundary of the reinforcing ring. Formulae for the 
stresses in the limbs are then used to derive the ring loads 
which by symmetry are in plane. With the LSBP method the 
ring boundary displacements are easily found from the 
formula 
2n(u + iv) =K<fi(z) -Z<l>' (z)-i(z) 
which using (2) and (3) becomes 
N 
2ii{u + iv) = (K-l)b0z+zj^ {C„[HZ
2" 
- (2n + l)z2"] + d„[KZ~2n + (2M - Ik""2"]) 
- ^ - - _ t2nl-anz
2"-bnz-
2"] 
Z Z „=i 
(9) 
(10) 
In Fig. 5 dimensionless radial displacements Ur = EUr/PjaQ 
are plotted for both the LSBP and bending strain energy 
methods for 6 = 0 deg and d = 90 deg. The dimensionless 
ring depth d/a0 ranges from 0.1 to 10. At 6 = 90 deg the 
displacements are all outward and a "cross-over" point is 
indeed evident. The complex variable approach predicts a 
nonzero limiting displacement for large ring depths while for 
bending theory the displacement tends to zero. In fact, the 
zero displacement condition can only be achieved if Young's 
modulus for the ring approaches a value which is effectively 
infinitely greater than that for the limbs of the bend. At 0 = 0 
deg the same behavior is observed for large ring depths with 
bending theory overestimating the stiffness of the ring and the 
LSBP method predicting an asymptotic value of displacement 
as additional ring material ceases to affect the ring-limb 
interface. For shallow rings the position is slightly different. 
Under internal pressure loading the ring attempts to cir-
cularize, and at 6 = 0 deg the sign of the displacement is 
reversed. This is evident from Fig. 5(a), plotted on a 
logarithmic scale. Again, however, the magnitude of the 
displacement predicted by bending theory is greater than that 
predicted by the LSBP method for shallow rings while being 
smaller for deep rings. 
The "cross-over" point shown in Fig. 5(6) occurs for a 
dimensionless ring depth of about 0.3 which corresponds to a 
depth of 30 mm for the 205 mm mean diameter steel bends 
described in [17]. A dimensionless depth of 0.3 is also close to 
the "cross-over" point for a 2002 mm mean diameter bend 
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Fig. 5 Radial displacements at oblique edge 
with two rings 286 mm deep, tested by Mackenzie and Beattie 
[1]. 
5 Conclusions 
The feasibility of replacing bending strain energy methods 
of ring analysis by complex variable techniques has been 
examined with particular reference to reinforced discon-
tinuous bends. The least squares boundary point method and 
a technique employing analytic continuation have been 
discussed. Both require expansion of the solution in series 
form and this requires assumptions about unknown 
singularities. When the same series is used both methods give 
identical results. Buchwald and Davies discuss the singularity 
problem in detail for an elliptic plate with a circular hole and 
this example has been used as the basis of an experiment. 
An elliptic cylinder has been tested with circular bore 
diameters less than, equal to, and greater than, the limit for 
convergence of the assumed series. In all three cases 
agreement between theory and experiment is good. This 
suggests that when an appropriate finite number of terms is 
used the complex variable approach is not sensitive near the 
theoretical limits of its validity. Numerical results for the final 
case, however, show definite divergence. When a Laurent 
expansion in an annulus is not adequate an alternative series 
may be used. In some cases conformal mapping may indicate 
the form that this should take. Such modifications, however, 
might be expected to add considerably to the complexity of 
the method. 
For the analysis of rings the simple complex variable theory 
described may be expected to hold for ring depths ap-
proaching infinity. Bending strain energy theory may be 
expected to apply to shallow rings. Numerical results for 
pressurized discontinuous bends reinforced by constant depth 
rings over a range of sizes have been used to demonstrate the 
existence of a "cross-over" point where one theory takes over 
from the other. This point lies within the range of ring depths 
in common use and it follows that with care both bending 
strain energy and complex variable methods may be used in 
practical applications. 
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